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Abstract 

We consider stochastic integral representations of g(Y\) with re- 
spect to a process Y, where Y is the <i-dimensional Brownian motion 
or the coordinate- wise geometric Brownian motion. For 2 < p < oo, 
we relate the L p -norm of the discretization error of Riemann approx- 
imations of this integral to the Besov regularity of g(Y\) in the Malli- 
avin sense and to the L p -integrability of a Riemann-Liouville type 
operator. 
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1 Introduction 



During the last years approximation problems for stochastic integrals were 
studied by several authors ^SlllSllinilZlinilSllISllISllISlinil^. One moti- 
vation comes from Stochastic Finance, where the problem can be interpreted 
as a discrete time hedging problem. But the problem is also relevant for the 
simulation of paths of a stochastic integral and, in general, is of interest as 
an approximation problem for its own. To explain the purpose of this paper 
let us introduce some of the notation. 

We let W = (Wt)te[o,i] be a standard <i-dimensional Brownian motion start- 
ing in zero defined on J 7 , P, (J r t)te[o,i]), where J 7 , P) is complete and 
(J r t)te\o,i] is the augmentation of the natural filtration and where we can as- 
sume that J 7 = Fi. As processes driving the stochastic integrals we use the 
Brownian motion and the coordinate-wise geometric Brownian motion, i.e. 

Y t := {W t {1 \ W t (d) ) T and E := R d 



or 

Y t :=(e w ^^,...,e w ^) T and E := (0, oo) d . 
Then we have 

dY t = a(Y t )dW t , 

where Y is considered as a column vector and the d x d-matrix cr(y) is given 
by a(y) = h or (cr^(y))f J=1 = (5i d yi) d j=l , respectively. The parabolic differ- 
ential operator associated to the diffusion Y is 

d 2 d 2 



dt ' 2^ kk dyl 

Given a Borel-function g : E — > R with g(Yi) G L2 we let 

G(t,y):=E(g(Y 1 )\Y t = y) (1) 

and notice that G(l, y) = g(y)- Integrability properties of G and its deriva- 
tives are given in Lemma IA.2I below and are used implicitly in this paper. 
The function G solves the backward parabolic PDE 

AG = on [0, 1) x E. 
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For < s < t < 1, Ito's formula implies that 

G(t, Y t ) - G(s, Y s ) = I VG(u, Y u )a(Y u )dW u a.s., (2) 

J s 

where VG(t, x) is considered as a row vector. Furthermore, 

g(Y 1 ) = Eg{Y 1 ) + [ VG(u,Y u )a(Y u )dW u a.s. (3) 
Jo 

by t f 1, where the convergence takes place in L 2 (or later even in L v if 
g(Yi) G L p with 2 < p < 00). One purpose of this paper is to investigate 
Riemann approximations of the stochastic integral in ([3]) by the following 
quantities: 

Definition 1.1. (i) Let 7~ rand be the set of all sequences of stopping times 
t = (Tj)™ =0 with = t < 7~i < ■ ■ ■ < r n _i < r n = 1 where n = 1,2,..., 
such that Ti is J r n _ 1 -measurable fori = 1, ...,n — 1, i.e. 

{Ti G B} H {r,_i < i} G J* t /or t G [0, 1] and 5 G £(R). 
(ii) Gwen a time-net r = (t;)? =0 G T rand ; < t < 1 and p(Yi) G L 2 , we let 

r) := [ VG(s,Y s )dY s 
Jo 

n 

-J^VGiT^Y^Y^-Y^), 

i=i 

C t (g(Y 1 ),r,v) := / VG(s,Y s )dY s - Vv^^-^a.), 

where v = (iVi_i)jLi a sequence of random row vectors v Ti _ l : f2 — >■ R d . 

The study of the approximation error for discretizations of the above type 
that are based on stopping times is done in the literature often from a differ- 
ent point of view: either one considers weak or stable limits of appropriate 
rescaled error processes (for instance in [I]) or one studies mean square re- 
sults of asymptotic nature (for example [201 S El where sometimes an 
average of the number of used stopping times is involved. The main differ- 
ence to our paper is that we obtain in Theorem 15.11 accurate results for a fixed 
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finite sequence of stopping times. This is the reason that we have to use the 
additional assumption that Tj is J 7 Ti _ 1 -measurable as without this restriction 
the techniques known so far do not give Theorem 15.11 (see Remark 15. 3p . 

For the rest of this section we restrict ourselves to the simple approximation 
Ct(g(Yx), r), but the paper also deals with the optimal approximation based 
on C t (g(Yi), r, v). First the strong L 2 -error \\C t (g(Yi), r)\\ L2 for deterministic 
nets was considered (see, for example, [HJ QUI E] and for an overview [12]), 
where Hilbert space techniques can be used. Parallel to this the local L 2 - 
error was investigated in [11] which yields to weighted BMO-estimates and 
therefore better tail estimates. In our case, the BMO and the /^-estimates 
form the two end-points of a scale of spaces that contain the L p -spaces with 
2 < p < oo. The purpose of this paper is to investigate this L p -error. 
The techniques for the L p -estimates differ from the L 2 -estimates because the 
problem cannot be translated into a one step approximation problem due to 
the missing Ito-isometry in L 2 that allows to interchange the integral with 
respect to the time and the integral with respect to the probability measure. 
In the present paper, that extends pS] from the second author, the following 
results are obtained: 

(1) In Theorem 15. II we extend the description of the /^-approximation error 
for deterministic nets to the L p -error ||Ct(^(Yx),r)|| p with 2 < p < oo 
and t e T rand . 

(2) From Theorem 15. II we deduce in Theorem 15 .61 a description of the random 
variables that can be approximated with equidistant time-nets with a 
rate n~ 9 ^ 2 in L p for < 9 < 1 in terms of the Besov spaces 

(3) Looking for the optimal approximation by adapted (deterministic) time- 
nets we get a characterization using a Riemann-Liouville operator of 
integration in Theorem 15.41 This operator is introduced in Section HI 

(4) In order to obtain Theorem 15.61 and the connection between Theorem 
15.41 and the Besov spaces B p q , an appropriate characterization of the 
interpolation spaces on the Wiener space is provided in Theorem 13.11 
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2 Preliminaries 



We use A ~ c B for A/c < B < cA whenever A, B > and c > 1, and let | • | 
be the Euclidean norm for a vector or the Hilbert-Schmidt norm for a matrix. 
Given a random vector or a random matrix A, we write ||v4||l p := |||^4|||l p 
and denote the transpose of A by A T . Let us recall the real interpolation 
method that we use to generate the Malliavin Besov spaces. 

Definition 2.1 (pQ, [2]). Let (Xo,Xi) be a compatible couple of Banach 
spaces. Given x G Xo + X\ and A > 0, the K-functional is defined by 

K(x, A;X ,Xi) := inf { 1 1 a: 1 1 ^„ + A||xi||xi : x = x + Xi,x { e X;}. 

Given < 9 < 1 and 1 < q < oo, we let (Xq, Xi)g >q be the space of all 
x G Xo + X\ such that 

IMI(x ,Xi) 9 , g := \\^ 9k ( x i A ; X o,Xi)|| L(?((0)0o) ^ ) < oo. 

Our Wiener space is constructed in a standard way (see, for example, [2T]): 
For H = £$ and (M, S, Q) = (R d ,B(R d ),-f d ), where 7 d is the d-dimensional 
standard Gaussian measure, we let g a : M — > R be given by 

5f a (x) := (x,a)^ 

and obtain an iso-normal family (g a )aeH of centered Gaussian random vari- 
ables. Let Di 2 C L-2 be the Malliavin Sobolev space and 

L>:B 1)2 ^Lf(M,£,/x) 

the Malliavin derivative. Given 2 < p < oo, the Banach space Di )P C L p is 
given by 

E>i, P := {/ G D ll2 : ||/|| Dl , := (||/f Lp + P/ll^)* < oo} . 

Here and later we use the convention ||/||l p = H/Hl^r^) an d = 
\\Df\\ L H {1Si d nd) 

Definition 2.2. For < 9 < 1 and 1 < q < oo we let 

6e t/ie Malliavin Besov space of fractional smoothness 9 and fine-index q. 
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We use the Burkholder-Davis-Gundy inequality for Brownian martingales 
with values in a separable Hilbert space. An explicit formulation is as follows: 
Assume for i = 1,2,.... progressively measurable processes (L l t )te[o,i] with 
L\ : Q — > IR ' considered as row vectors and such that 



E E 



i=l 



\L\\ 2 dt < oo, 



then, for all 1 < p < oo, there is a constant cgj = cgjQo) > 1 such that 



E 



i=i 



L\dW u 



E 



,i=i 



1 \ 5 

\U.\ 2 du 



(4) 



3 Fractional smoothness on the Wiener space 

In this section we characterize the Malliavin Besov spaces by the behav- 
ior of G from ([I]) in the case Y = W. To make this more clear we do a change 
of notation and replace g by / and G by F. This means that / G L2(JR d , 7^) 
and 

F(i, x) := E/(x + Wk_t) for (t, x) G [0, 1] x R d . 
We also use the Hessian d x d matrix 



D 2 F:~- 



d 2 F 

1 j / i,j=i 



It is known that 



/ G Di,2 if and only if I \\D 2 F(t, W t ) \\\ 2 dt < 00. 

Jo 

Moreover, for all / G L 2 (R d , 7^) we have 

VF(t, W t ) = VF(0, 0) + n D 2 F(u, W u )dW u 



(5) 



(6) 



for < t < 1, where \7F(t, •) is considered as a row vector. If / G D12, then 
([6]) can be extended to t — 1 with the convention VF(1, •) := £)/. Now we 
generalize this relation to the scale of Besov spaces. 
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Theorem 3.1. Let 2 < p < oo, < 9 < 1, 1 < q < oo and f G L p (R d ,j d ). 
Then 



+ 



(i - 11^(1, wo - w*)!! 

(l-t)¥\\VF(t,W t )\\ 
||D 2 F(*,W t ) 



L q (lO,l),Si) 



where c j^j] > 1 depends at most on (p,8,q). 



Remark 3.2. Theorem 13.11 generalizes [T3l Theorem 2.2], where p = 2 was 
considered, and [23| Lemma 4.7], which was proved for 2 < p < oo and 
g = oo. 

To prove Theorem 13.11 we start with 

Proposition 3.3. Let 2 < p < oo. There exists a constant c^yj| > 1 
depending at most on p such that for any < t < 1, 



K(f, VT^I;L p ,Di if 



= (E3|) 



Proof, (a) Fix < t < 1 and 5 > 0. We find / £ £p an d /i 6 Di )P such that 
/ = fo + fi and 



f || Lp + VT^||/i|| DliP < K(f, VT^t; Lp, D 1)P ) + 6. 
For Fi(t,x) := E(/i(Wi)|Wi = x) we obtain from (0) that 

||/(Wi)-F(*,Wi)llx, 
< H/oW - F (f, Wi)IL + \\h(Wx) - F 1 (t J W t )\\ Lv 



VF 1 {u,W u )dW u 



\\fo{W l )-F {t 1 W t )\\ i 



< \\f ( Wl )-F (t,W t )\\ Lp + c m / ||V*i(u,W tt )||^du 



< c[ir(/,yr^;L p ,D liP )+e] 



Di . 
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where cm > 1 is the constant from the Burkholder-Davis-Gundy inequalities, 
c := maxjcgj, 2} and we employed the facts that 2 < p < oo and that ([6]) 
gives 

HViMu, Wg|| ip < HAH^ for all < u < 1. 
Letting e — > and observing that Vl — i WfWi < a/1 — t; L p , Di iP ) we 



achieve the first part of the desired inequality, 
(b) For < t < 1 we set 



g t (x) := F(t, y/ix) and h t {x) := /(x) — F(t, y/t: 



x 



so that 



x) 



VF(t,Vix)Vi 



< ll/IIL + llvF(t,wi)|IL 



Applying (J2J) for F = IV, the Burkholder-Davis-Gundy inequalities, the fact 
that ||VF(t, Wt)|| L is non- decreasing in t and that 2 < p < oo, we estimate 



\\F(t,W t 



tJ\\L v 



< 



< 



VF(u,W u )dW u 



\\F(0,W ( 



c m \\VF(t,W t )\\ Lp + \1&f(Wi 



Thus 



\9tHj) 



l.p 



< ||/(Wi) - F(t,W t )\\ Lp + \\F(t,W t )\\ Lp + \\VF(t,W t )\\ Lp 

< \\f{W l )-F{t,W t )\\ Lp + (1 + c m ) \\VF(t,W t )\\ Lp + \Bf{W x ) 



< 



c a) c (TX3|( 1 - *) _I J ll/(Wi) - + |E/(Wi 



where we used Lemma IA.3I Exploiting an independent Brownian motion W 
and that the covariance structures of (Wi, \/tWi + \/l — tW\) and (Wi, 
Wi_^/l) are the same, we obtain for h t that 



< 



E 

EE 



PI 
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< 



f(W 1 )-F(Vi 



f(W 1 )-F(Vt 1 W^ i ) 

< 2\\f{W 1 )-F(t,W t )\\ Lp + 2 F(t,W t ) - F^W^) 

< 4||/(W 1 )-F(t,Wi)lk- 



Hence 



K(f, VT^t; L p ,-D 1>p ) 

< \\ht\\ Lp + (l-t)*\\g t \\v ltP 

< 4 -F(t,W t )\\ L +(l-rf 



\Ef(W 1 )\ 



+ [1 + (1 + c m )c^(l - *)"*] - F(t,W t )\\ Lp 

< (l-t)2|E/(W 1 )| + 

+ [5 + (1 + cgj)^] ||/(Wi) - W t )||^ 

and the proof is complete. □ 

We are now ready to prove the main result of this section. 

Proof of Theorem IJ.il To verify the assumptions of Proposition IA.4[ we set 

At) ■= \\f(W 1 ) - F(t : W t )\\ Lp , 
d\t) := \\VF(t,W t )\\ Lp , 
d\t) := \\D 2 F(t,W t )\\ Lp , 



A := 2c 



(E3 



and a := cm V c 



gj V c rXgl , where cgj > 1 is taken from 



Then Lemma IA.3I implies that 

d k (t)<c^(l-t)-^d°(t) for k = 1,2. 

By (J2]), (jBD, the Burkholder-Davis-Gundy inequalities (jlj) and 2 < p < oo, 
we also see that 



d°(t) < m ( / hvf^w;)!^^) =c m (l [d\s)]'d8 
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and 



d\t) < ||VF(0,W ) 



D 2 F(s,W s )dW s 



< 2ck 



(El)imk + cg}( / \\D*F(s,W s )\\l p ds 



2c (EJ)l^k + c ll( / 



where we used Lemma lA~3l Now, applying ( )20!) gives the equivalence between 
the last three expressions in Theorem 13.11 It remains to check that 



;i-*r* imwo -F(t,wi 



L q (lO,l),^j) 

for some c = c(p, q, 8) > 1, which follows from Proposition 13.31 □ 

Remark 3.4. In the literature the interpolation spaces on the Wiener space 
are considered, for example, in [221 CEO ESI EH [23] . A classical approach is 
based on semi-groups (here the Ornstein-Uhlenbeck semi-group) which yields 
to a scaling that is different from our scaling (see [21 Theorem 6.7.3 and p. 
167, Exercise 28] and [21 Sections 1.13.2, 1.14.5 and 1.15.2]). 
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4 The Riemann-Liouville operator D 



Riemann-Liouville type operators are typically used to describe fractional 
regularity. We use these operators to replace the Besov regularity defined by 
real interpolation when we consider the approximation by adapted time-nets 
in Theorem 15.41 below. The operator, introduced in the following Defini- 
tion 14.11 was also used in a slightly modified form in [J4] , where the weak 
convergence of the error processes was considered. 

Definition 4.1. For g(Y 1 ) e L 2 , < 9 < 1 and < t < 1, we let 



:i 



u 



'H 2 G (u,Y u )du 



where 



k,l=l ^ 



d 2 G 
dykdyi 
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From now on we use the following convention: For < t < 1 we let 
x k : Y = W 



Vk{t) 



and y{t) := (yi(t), ...,y d (t)y , (7) 



e Xk 2 : else 

and define the functions / : R d -> R and F : [0, 1] x R d ->■ R as 

f(x):=g(y(l)) and x) := Ef(x + ^. t ) (8) 

so that f(Wi) = g(Yi) and F(t,x) = G(t,y(t)). In the case that Y is the 
coordinate-wise geometric Brownian motion, this notation implies that 



(9) 



for k, I = 1, d. Let us summarize the connections between the Besov spaces 
and the operator D Y,e known to us: 

Proposition 4.2. For g{Y\) G L p with 2 < p < oo £/ie following assertions 
hold true: 

(i) If 2 < p < oo and < < 1, then 

(a) / G Bj )2 implies D^ e g{Y x ) G L p , 

(b) D^giY^ G L p implies f G Bj jOC . 

(ii) If 2 < p < oo, then D 1 ' 1 g(Yi) G L p «/ and on/?/ if f & Di )P . 

(iii) 7/0 < < 1, i/ien Df'^(yi) G L 2 i/ and on/y if f E B| 2 . 



Proof, (i, part a) Because of 2 < p < oo, we see that 

[l-t) l - e H 2 G {t,Y t )dt 



< 



{l-tf-%H G {t,Y t )f L dt 



[l-t)—\\H G (t,Y t 



11 



Theorem 13.11 completes the proof, since in the case that Y is the Brownian 
motion, we have H G (t, Y t ) = \D 2 F(t, W t ) \ and in the other case, we can use 
(Q and Theorem 13.11 again to see that 



(l-t)—\\H G (t,Y t 



< oo. 



(i, part b) For all < t < 1, 



> 



l-sy- H G (s,Y s )ds 



> (1-*) 



1-9 
2 



H 2 (s,Y s )ds 



If Y is the Brownian motion, then we can bound this from below by 
1 



[l-t)—\\VF(t,W t )-VF(0,W ) 



where we have used (jl]) and fl6]). This implies that 



\L V 5 



||VF(t, W t )\\ Lp < ||VF(0, W )\\ Lp + c m (l -t)T D^fiW, 



and Theorem 13.11 can be used again. If Y is the coordinate-wise geometric 
Brownian motion, then we get from ([9]) that 



> 



H G {s,Y s )ds 



H 2 F (s, W s )ds 



\VF(s,W s )\ 2 ds" 



> -L||VF(t,^)-VF(0,W )|| Lp - 

> J_|| V F(f,Wi)|| L -^-\\VF(0,W o )\\r 



\VF(s,W s )\ 2 ds 



c 



fj 
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\VF(s,W s )\ 2 ds 



where we again used the Burkholder-Davis-Gundy inequalities. Because the 
last two terms on the right-hand side are finite, we can conclude as in the 
case of the Brownian motion. 

(ii) Because of © and ( JjJ \VF(t, W t )\ 2 dt^j 2 G L p we get D^' 1 g(Y 1 ) G L p 

if and only if ( \D 2 F(t, W t )\ 2 dt^j G L p . U sing relations ([5]) and ([6]) one 
easily checks that this is equivalent to / G Di )P . 

(iii) Since OH]) implies that 

2 

L-2 



DVg(Yi) 2 = Ai-t) 1 ^||i/ G (t,r 4 )||! 2 ^<oo 

L 2 JO 



if and only if ^(l-t) 1 ^^^*, W t )lli a dt < oo, we can use Theorem O □ 



5 An approximation problem in L 

In the whole section we use the conventions (H) and (ED- 



Time-nets. Given a deterministic sequence = t < ■ ■ • < t n _i < t n = 1 
and < 9 < 1, we let 



t: - U 



K*t)r=oio := su p su p 

i=l,...,nf i _i<u<t, [1 — U) 

\(U)to\ ■= \(U)U\i 



\^i ti— 1| 



i=l,...,n (1 — V 



so that |(tj)™ =0 | is the usual mesh-size. As special adapted deterministic 
time- nets we use = (tf n )2= defined by 



f- ■= 1 



1 - - 

n 



For these time-nets, 



\+0 \+V _/» 1 

I ip I - I V "I - I i,n "i— l,nl ^ L c ~- U0 +8 \ /,n\ 
— < ~ ~n ^Zg < for ue [ti-l^hn) ( 10 ) 
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which implies that 



Moreover, we have that 



|rj<|rj e <-. 



for some (3 > independent from n. 



< /9n 



(11) 



(12) 



The basic equivalence in L p . The following result reduces the compu- 
tation of the Lp-norm of the error processes defined in Definition 11.11 to an 
expression involving Ha(t, Y t ) similar to a square function. This result gen- 
eralizes [lOj Theorem 4.4] proved for deterministic nets in the L 2 -case. 

Theorem 5.1. For 2 < p < oo there is a constant c (j57J| — 1 depending at 
most on p such that for all g(Yi) G L p and r = (Tj)™ =0 e 7~ rand one has that 

t)H 2 G (t,Y t )dt 



WCMY^r)^ < C(E | 

inf \\CMYi), r,v)\\ Lp > — 

c (0) 



E 



T, 



i=i J n-i 



/ {Ti-t)H 2 G {t,Y t )dt 
,i=i ^-i 



where the infimum is taken over all simple random vectors v T ._ 1 : Q — > IR q! 
that are T T . , -measurable. 

' i — 1 

Remark 5.2. Both inequalities in Theorem 15.11 are proved by stopping at 
< T < 1 and letting T j" 1. Therefore, it might be possible for one or both 
sides of an inequality to be infinite. However, this cannot be the case: Step 
(b) of our proof for the trivial time-net = to < ti — 1 gives by (|14|) that 



(T-t)H 2 G (t,Y t )dt 



< c||E {g(Y 1 )\T T ) - EgiYj - VG(0, Y )(Y T - Y )\\ Lp 

< c||(/(Yi) - Eg(Y 1 ) - VG(0, Y ){Yi - Y )\\ Lp < oo 



14 



so that 



(Ti-t)Hl(t,Y t )dt 



-I J Ti-l 



< 



t)H 2 G (t,Y t )dt 



< oo. 



Following (|T5|) from step (c), this implies that sup 0<T<1 ||Cr(<?(Yi),T)||r < 
oo, from which we can conclude that 



J o i=l J 
and (7i(<7(Yl), r) G L p . Finally, we have that 

infllC^YO,^)!!^ 11^(^(^)^)11^, 



(13) 



where the infimum is taken over all simple random vectors v Ti _ 1 : Q — > R, q! 
that are T Ti _ x -measurable. The latter also implies that all three expressions 
- in particular the simple and optimal L p - approximation - in Theorem 15.11 
are equivalent up to a multiplicative constant. 

Proof of Theorem \5.1[ (a) Assume a deterministic time < T < 1, two 
stopping times < a < b < T and that v a is a simple J-" a -measurable random 
(row) vector. Exploiting relations ([6]) and (Q one quickly checks that 



dG ^ 

dy k 



h Y b ) - v k \ a kk (Y b ) = m a (k) + ^ f X a u (k, l)dW l u 

J [=1 J a 



with 

m a (k) 



dG 



a, Y a ) - v a a kk (Y a ) and 



Vkk&ll 



d 2 G 
dykdyi 



f dG 

(u,Y u ) + —( u ,Y u )-v l a 
\dyi 



&11 



dcrg 

dyk 



where m a : = (m a (l), ...,m a (d)) will be considered as a row vector, 
(b) Lower bound for \\Ci(g(Yi),T, v)\\l p : Let us fix < T < 1 and define 
Pi := Ti AT and a r 
measurable for i 



"■pi-i 



= ViXIt.-kt}. Note that pi and a Pi _ 1 are T p ._ x - 
n. Replacing v by a in the definitions of m and A 
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from step (a), it follows that 

n 
i=l ■ 

Using (TJJ and the convexity inequality pp. 104-105, p. 171], we achieve 









T" 












dW t 


' pi-i 




J Pi-\ 







E 



1 J Pi-l 



m 



Pi-i 



*Vpi-i 



Pi-i 



£ <3 E (E 



1 •'Pi-l 



Pi-l 



tVpi_i 



Pi-l 



1 T" 








dWt 






T 


-w tt 





df 



> cg(p/2)^E 

> (^vWrW^E^ 



.i=i 



Pi 

Pi-i 
Pi 

Pi-i 



m P*-i + 



tVpi-i 



L*' Pi-l 





T 


to 









= (i#r p E E 

\i=l ''w-i 

where we used that p; is T Pi _ x -measurable. From this we deduce that 



< 



E 

i=i 

n 

E 



i -'Pi-i 
Pi 



tVpi_i 



n T 



pi-i 



+ 



i ■'Pi-i 

n 



E 



i >/Pi-i 



^Pi-i + 



tVpi-i 



Pi-i 



< c 



E 

.1=1 •'Pi-l 



m ft _J 2 dt 



E 



i ■'Pi-i 



771 



Pi-l 



Pi-l 



dm 
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< [c|jVp72 + 1] 
so that 

We continue by writing 

tr 

i=i ^ft-i 

n „! 









T" 




Ef 










t=i 




J Pi-i 







-1 



E 



i ■'pi-i 



tVpi-i 



Pi-l 



- rtVpi-i 


T 




dW t 


J pi-i 





i=l -° 





' ptVpi-i 


T 










-J pi-l 





E 

i=l 
n 

E 



o 



n „! 




i=l 
1 



tVpi-i 

Pi-i 
t 



[x(p^](t)Kr]dW u 



dW t 



o 



o 



// p (t,u)dW u 



dW* 



with the d x d-matrix 

n n 



i=l 



i=l 



Here we used again the condition that pj is T Pi _ x -measurable. By 01]) and 
Lemma IA.1| 







T 


/ 


/ fif(t,u)dW u 




Jo 


Jo 
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A.l 



//'(*, u)dW u 



dt 



1^ J \fi p (t,u)\ 2 dudtj 

E f (Pi-mr^dt 



i=i ^Pi-i 



Letting 5 = if Y = W and 8 = 1 if Y is the geometric Brownian motion, 
this can be combined with 



E / ' (Pi-t)H 2 G (t,Y t )dt 



i=i J pi-i 



i=l •'Pi-l 



< 



< 



E / 1 (^-*)|AM 2 ^ 



i=l •'w-i 



E / ( Pi -t)H 2 G (t,Y t )dt 



+5 



E / (Pi-^^VG^Ytj-a^aiY^dt 



so that 



\\C T (g(Y 1 ),r,v)\\ Lp 



E / ' (Pi-t)H 2 G (t,Y t )dt 



i=i J pi-i 
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£ / \(VG(t,Y t ) - a^) a(Y t )\ 2 dt 

= 1 Jp*-1 



In the case of the Brownian motion the last term disappears. In the case 
of the geometric Brownian motion we apply again the Burkholder-Davies- 
Gundy inequalities to see that 



/ \(yG{t,Y t ) - a^MYt)\ 3 dt 

= 1 Jpi-l 



Hence, in both cases, we have that 
inf \\C T (g(Y 1 ),r,v)\\ Lp 

V 

1 



<c m \\C T (g(Y 1 ),r,v)\\ Lp . 



> 



/ ^ (fr-t)H 2 G (t,Y t )dt 



i J Pi-i 



(14) 



By T t 1 we obtain the lower bound of our theorem. 

(c) Upper bound for ||Ci(<7(1i),t)||l : For < T < 1, using the arguments 
and notation from step (b) and 

itf- 1 := (vGiu^-VGir^Y^Xin^T})^), 

we obtain 

WQrigpiMWL, 



< cmc 



HFlfAll 



+wdxiV 



/ * ( Pi -t)H 2 G (t,Y t )dt 



i j Pi-i 

7 

o Jo 



-l<u<t<Pi} z/ u 



Pi-l 



1=1 



dudt 



< cmc 



® C (|AI| 



W ( n -t)H G (t,Y t )dt 

_j J Ti-l 
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pT pt n 

i i X(pi-i,f 

Jo Jo i=1 



du)\v*- l \ 2 dudt 



Because 2 < p < oo, we can continue by 



< 



< c 



JO 
T 



i=l 
t n 

=1 

ii 



i=l 

t n 



dt 



i=i 



dt 



C t (g(Y 1 ),r) 



dt 



where we applied the Burkholder-Davies-Gundy inequalities. Combining 
these estimates we achieve 



\C T (g(Y 1 ),T)\\t p <2c^ m 



/ ' (n-t)H 2 G (t, Y t )dt 



C t (g(Y 1 ),' 



i=i J n-i 



+ 2c fa c jxii 



dt. 



Gronwall's lemma thus implies that 
I|Ct(<7(Yi),t)|U p 

"fell 



C y/2c 



{n-t)H 2 G {t,Y t )dt 

= \ J Ti-l 



Finally, by T f 1 we obtain the upper bound in Theorem 15.11 



• (15) 



□ 



Remark 5.3. Our proof requires the assumption that the stopping time t% is 
•F Ti l -measurable so that pi is T Pi _^ -measurable. For example we need that 
the field (p p (t, w))t,ue[o,i] has the property that p p (t,u) is T u - measurable. 
Moreover, in step (b) we used Ejr Pj _ i j^ 1 j Jmp^J 2 ^ = f^ Pl ^ |m Pi J 2 ^. 
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Approximation with adapted time-nets in L p . We recall that the nets 
are given by 



r 



i,n 



1-11 

n 



The following result extends [131 Theorem 3.2] from the one-dimensional In- 
setting, but see also [191 Theorem 1] for a related d-dimensional L 2 -result. 

Theorem 5.4. For 2 < p < oo, < 9 < 1 and g(Yi) 6 L p , t/ie following 
assertions are equivalent: 

(i) ||i>^(y 1 )|| J ,<oo. 

HO ^iin , H C 'i(g( Y i)' T )llp <r no 

W SUP TgT rand / < OO . 

Ily Mell°° 

(iii) sup^ V^||Ci(^i),^)||p < oo. 
In particular, for all r G 7~ rand , 

where c j^ji > 1 is i/ie constant from Theorem \5.1\ 



(16) 



For the proof we need the following lemma that extends [131 Lemma 3.8]. 

Lemma 5.5. Let < 9 < 1 and < p < oo. Assume that (4> t )te[o,i) is a 
measurable process where all paths are continuous and non-negative. Then 
the following assertions are equivalent: 

(i) There exists a constant c\ > such that 

-t, 



E/ & 

i=l Jt i-1 



u)d>„du 



< ci sup 



i-l 



1< 



i<n (1 ^ 



i-l. 



/or a// deterministic time-nets — to < t% < . . . < t n — 1. 
(ii) There exists a constant c 2 > stzc/i i/iai, /or a// n = 1,2, 



E 



(t- - u)(j> u du 



i=l b t-l,n 



C2 
< — • 

n 
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(iii) There exists a constant C3 > such that 



(1 - uf- e (f) u du 



< c 3 . 



Proof. The implications (iii) ==> (i) ==>- (ii) are similar to [13j Lemma 3.8]. 
For (ii) =>■ (iii), take a sequence of deterministic nets r n = (£™)™ =0 with 
= t™ < q < ■ ■ ■ < tl = 1 such that 

\T n \ < — and sup < on 

Tl l<i<n Ij — fj-i 

for some a, > independent from n (see, for example, fflUj) and fjT2|) ) . For 
a fixed < T < 1 we define 



N^:= {ie{l,...,n}:tt 1 <T} 



and observe that 



[ (1 - u) 1 "^ < liminf £ (1 - d) 1 ^ x (t? - tU) 



for all uj G f2 because is continuous on [0, T]. Hence 



(1 - uf- e (p u du 



< 



< 



lim inf 

n— ¥00 



lim inf 

n— >oo 



sup 



_l<i<n 



lim inf n 

n— >oo 



Noticing that (t™ — t™_ x ) 2 = 2 (t™ — we continue with 







lim inf n 

n—toc 
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< p 



lim inf n 



2 E/ « 

■ i£N™ Jt i-l 



u)4> u du 



sup i^-^ i^-tu) 2 



< p 



lim inf n 

n— >oo 



2 E/ « 



u)4> u du 



+ sup sup 



< /3 



lim inf 

n— >oo 



I -tn 

i&N" Jt i-l 



u)(h„du 



+a sup sup 



'u — yt" 



< p 



2 lim inf n > / (t™ — u)4> u du 

n— >oo f-^ J t n 



+a lim sup sup sup 



2/3 



< 2/3 lim inf n 



lim inf n > / (t™ — u)(j) u du 

iGiV£ "''i-l 

E/ « 

i=l J Vi 



u)(b„du 



where we used Fatou's lemma. Finally, by monotone convergence this implies 
that 



(1 - uf' e (t) u du 



< 2/3 lim inf n 



n t n 



i=l " 



□ 



Proof of Theorem \5.4\ First, we employ Theorem I5.ll to confirm equation 
(USD by 



\C 1 (g(Y 1 ),r)\\ Lp < c^jj 



{Ti-t)H 2 G {t,Y t )dt 

-l J Ti-l 
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< c 



ruE/ 1 (i-tr e HUt,Y t )dt 



Part (i)=>- (ii) follows from ( Fl6|) and part (ii)=> (iii) from |r„|e < j- (see 
(fill). To show that (iii)^=^> (i) we apply Theorem 15. II and ( {TBI to see that 

> \\c 1 (g(Y 1 )X)\\ Lp 



n 



> 



1 



E J ' (in-t)H 2 G (t,Y t )dt 



C {5UJ \ i=i - 

Lemma [5.51 completes the proof. 



□ 



Approximation with equidistant time-nets in L p . Here we extend 
[7J Theorem 2.3] and [131 Theorem 3.5 for q = oo] to the L p -case and 
Theorem 1.2]. 



Theorem 5.6. For 2 < p < oo, < 9 < 1 and g(Vi) G L p the following 
assertions are equivalent: 

(i) / G B^. 

(ii) sup T6Trand l|Cl(g( I l);r)llp < oo. 

IIM 2 lloo 

(iii) sup n=12 n2||C'i((yf(Yi);r n )||p < oo, where r n = (z/n)" =0 are i/ie equidis- 
tant time-nets. 

In particular, for - = - + j, with p < q, r < oo and for all r G 7~ rand , 



\C 1 (g(Y 1 ),r)\\ p 



: ^[l n llVmilla-tf^dtj mp(l-ty-*\\H a (t,Y t )\\ r , (17) 



where 



c (EHj) — 1 ^ s ^ e constant from Theorem I5.il ana 1 



^(t,w) := 



max \Ti(uj) - n_i(o;)| A (1 - i). 

i=l,...,n 
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Remark 5.7. The order for the equidistant nets can also be obtained from 



Theorem \5.4\ under the condition \\D^' g(Yi) \\ p < oo because \{i/n 



n 

i=0 1 



n 



J2 (r t -t)H 2 G (t,Y t )dt 

l J Ti-l 

ij(t)H 2 G (t,Y t )dt 
\\^fmH G (t,Y t )\\ldt 



Proof of Theorem 15.61 To verify (fT7|) we use Theorem 15.11 and derive that 

\\Clb(Xl),T)\\ p < C^JJ 

< C E1 



\\Vm\\i\\H G (t,Y t )\\idt 



\\VW)\\ 2 q a-tr 2 dt 



sup(l-t) 1 -^||i/ G (t,F t )|| ) 

te[o,i) 



Part (i)=> (ii): We first observe that for 



\t\{uj) = max \Ti[u) - Ti-^u) 

i=l n 



we can compute (for q = oo and r = p) 
• i 



llV^)H 2 oo(l-i)^ 







i- Ml 



(l-i) e ~ 2 cft + 



1- T 



< 



9(1 



1-9 



T 



so that letting g = oo in (I17j) we obtain 

c (0) 



11^(^)^)11, < 



.J|t|||* sup(l-t) 1 ^|| J E G (t,F i )|| p . 
^0(1 - 0) te[o,i) 
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It remains to check that 

sup (l-t) 1 -i||i/ G (t,r 4 )ll P <oo 
te[o,i) 

whenever / £ Bp ^ . This follows from Theorem 13. 1[ where we additionally 
use ([9]) and the a-priori estimate 



sup (l-t)?\\VF(t,W t )\\ Lp <oo 
te[o,i) 

from Lemma IA.3I in the case Y is the geometric Brownian motion. 
The implication (ii) ==>- (iii) is trivial. 

Part (iii) ==>■ (i): Employing Theorem 15. II and ffTSl we achieve 
cn-l > \\C x {g{Y 1 ),r n )\\ Lp 
1 



(18) 



> 



> 



> 



l 
l 

C |5T) 
1 



Z= 1 n 



t)H G {t,Y t )dt 



[l-t)H 2 G (t,Y t )dt 



[l-t)H, 



1- - 

n 



2n 



G 



n 



where we use in the last inequality the martingale property of the pro- 



cesses cr kk cru 



r d 2 G 
'■ dy k dyi 



te[o,i) 



and properties of conditional expectations 



of vector valued random variables. The estimate above means that 



H, 



G 



n 



; y/2, 



cc 



n 2 



for all n — 2, 3, . . . Consequently, 

\\H Q (t, Y t )\\ Lp < 2 1 "! V2cc m (l - t)'*-\ 

which follows from the monotonicity of \\Hc{t, Y t ) ||^ . Theorem 13 . 1 1 completes 
the proof, where we use (fT8"|) again. □ 



2(3 



A Appendix 



A key step in the proof of Theorem 15.11 is the following known formulation 
of the Burkholder-Davis-Gundy inequalities. 

Lemma A.l. Assume that \i : [0, 1] x [0, 1] xfi — > ]R dxd satisfies the following 
assumptions: 

(i) ft : [0, 1] x [0, u] x VI R dxd is B([0, 1]) x B([0, it]) x ^-measurable for 
all u G [0, 1]. 

(ii) J 1 IE | u) 1 2 dudt < oo, where J Q E|/i(t, u)\ 2 du < oo for all t G 
[0,1]. 

(iii) ( Jq fj,(t, u)dW u )te[o,i] is a measurable modification. 

Then, for 1 < p < oo, there exists a constant c f^n > 1 depending only 
p such that 



on 



fi(t, u)dW u 



dt 



A.l 



7 

o Jo 



\fi(t, u)\ 2 dudt ) 



Proof. For the convenience of the reader we sketch the proof. By a further 
modification we can assume that ((Jl u)dW u )(u)) t £{o,i] G L 2 [0, 1] for all 
cu G f2 because of assumption (ii). Assume that {h n )^ =0 is the orthonormal 
basis of Haar-functions in L 2 [0, 1] and that fik(t, u) is the fc-th row of n(t, u). 
Letting 

L n,fc . = 



h n (t)fik(t,u)dt 
and using a stochastic Fubini argument we get that 



fj,(t, u)dW u 



dt 



oo d „x 



,n=0 fc=l 



2\ 2 



Using the Burkholder-Davis-Gundy inequalities (BJ we obtain that 



fj,(t, u)dW u 



dt 
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=11 



oo d pi N 

EE/ i l »*i 2 * 

n=0 fc=l Jo J 



E 



,fc=i 



JO 



|/Xfc(t, u)\ 2 dtdu 



1 



o ./o 



|^(£, u)\ 2 dtdu 



□ 



Lemma A. 2. Le£ 1 < p < oo, g{Y-\) G L p and < t < 1, and let a = 
(ai, ad) be a multi-index of differentiation. Assume that G is given by ([TJ 
Then 

p-l+t 



sup \D a y G{sX, 

0<s<t 



< oo for < q < q(p, t) 



t 



Sketch of the proof. We use the notation (J7J) and (jHJ) and consider first the 
case that Y is the Brownian motion. A simple direct computation gives the 
hyper-contraction property 



\D a x F(t,x)\ < C(q,t,a)\\f\\ Lp{ ^ d) e^ 

for < t < 1 and < q < q(p, t). Moreover, 

D%F(s, x) = ED a x F(t, x + W t _ s ) 

for < s < t < 1 directly implies that (D"F(s, W s )) se [o tt ] is an L g -martingale. 
Therefore we can exploit Doob's maximal inequality for 1 < q < q(p,t) to 
conclude 

E sup \D x F(s,W s )\ q < oo for all < q < q(p,t). (19) 

0<s<t 

The case of the geometric Brownian motion can be deduced from the case of 
the Brownian motion. Using the notation (GO) and (E]) to switch between the 
Brownian and geometric Brownian motion, we get for < t < 1 that 

d 



D''G(t, Y t ) 



-<>k 



,k=l 



K b a D b x F(t, Wt. 



0<b<a 
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where < b < a is the coordinate-wise ordering and K a are fixed coefficients. 
Using f ll9p . the integrability properties of the geometric Brownian motion 
and Holder's inequality, we conclude that 

E sup \DyG(s,Y s )\ q < oo for all < q < q(p,t). □ 

0<s<t 

The following estimates are known for more general processes than the Brow- 
nian motion (see [T3] and [HI Remark 3]). In our case they can be easily 
verified by using the martingale property of the processes (VF(t, Wt))te[o,i) 
and (D 2 F(t,W t )) te[0A) . 

Lemma A. 3. Let 2 < p < oo. Assume that f : R d — > R is measurable 
with f e L p (R d ,7 d ) and that F : [0, 1] x R d ->■ R is given by F(t,x) : = 
E/(x + Wi-t)- Then there exists a constant c^y^) > ^ depending only on p 
such that, for all < t < 1, 

(i) ||VF(t,Wi)||^ < CQ7a(l-t)-a H/CWk) - F(*,Wi)||^, 

(ii) | \D 2 F(t, W t ) \\ Lp < C( (X3| (1 - t)- 1 \\f(Wi) - F(t, W t ) \\ Lp . 



Next we state some Hardy type inequalities we have used in the paper. 



Proposition A. 4. Let 0<9<l,2<q<oo and let d k : [0, 1) -»■ [0, oo), 
k — 0, 1, 2, &e measurable functions. Assume that 



1 



1 - t)^ fc (t) < d°(t) <a[ [d^sffds for te [0, 1) 



and for k = 1,2, and that 



d\t) <A + ayJ [d 2 (u)fdu) for t 6 [0, 1) 
/or some A > and a > 0. T/ien 



;i-f)-*d°(*) 



L 9 ([0,1),^) ~ C |23I 



(l-t^d^t) 



^([o.i),^; 
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and 



^([0,l),^r 

(i-tyU°(t) 



< c 



an 



,4 



(l-t)^rd 2 {t) 



ig([0,l),^ 



where c u > 1 depends at most on (a, 9, q). If the functions d l and d 2 are 
non- decreasing, then the inequalities are true for 1 < q < 2 as well. 

From Proposition IA.4I it follows that 



A 



(l-t)^d k {t) 



A 



(l-t)W(t) 



(20) 



for L q = L, ([0,1), j^), kj = 0, 1, 2 and cjjoj := [1 + c lAA\f '• To P rove 
Proposition IA.4I we need 

Lemma A. 5. Let < 9 < 1, 2 < g < oo and let <p : [0, 1) — > [0, oo) be a 
measurable function. Then there is a constant c oj^ > ; depending at most 

on 9, such that 



(1-t) 



1-9 
2 



(f){u) 2 du 



< C 



■ (21) 



Moreover, if <p is non-decreasing, the inequality is true for 1 < q < 2 as well. 

Proof, (a) For 2 < g < oo, we can use Hardy's inequality (see e.g. [TJ 
Theorem 3.3.9]): for — oo < A < 1 and 1 < r < oo, and a measurable 
if) : (0, oo) -> [0, oo), 



lI-X 



ds 



dt 



< 



A 



dt 



and the same with the supremum norm if r = oo. With the notation r := |, 
g(t) = [(f)(t)} 2 , and A = 9, we compute, in the case 2 < q < oo, 



(1-t)" 



I 2 

2 
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i r 



(1-t) 1 " 



g{u)du 



dt 
1-t 



h(v)dv 



t) 



where h{v) = g{l — v)x(o,i] ( v )- Now we use Hardy's inequality for ip{v) 
vh(v) and continue with 



o 



dv 



v 



ds 
s 



< 



1-6 
1 

1-6 
1 

1-6 



o s 



[s 2 - 9 h(; 



ds \ r 



and the proof is complete for 2 < q < oo. The case q = oo is analogous. 

(b) For 1 < q < 2 we use a different argument. First, we define r := | so 
that 1 < r < 2. For < T < 1 we compute 



(l-t)V I / X[T1) ( u )du\ -^— t 



1 /- ,i-9, m , - dt 

(1-t)— (t-T); 



< (i-r)r y*\i - 1)^- 1 

/l 
(l-t)^X[T,l) (*) T _ 



1-t 

r/f 
dt 



with c := |5§ • This proves the desired inequality for tp^ T \t) := X[t,i) (£)• 
Next, we define ip := (p q so that ip r = (p 2 . By assumption, is non- decreasing, 
and so is ^, too. Now, we can approximate ip from below by a sum of 
functions like if)^: for each integer n > 1, we find a£ > 0, = 0, . . . , 2" — 1 
and = tg < t™ < . . . < t£n_i < = 1 such that 



2 n -l 



k=0 



31 



for almost all t G [0, 1) and ip n -i < ip n for all n > 2. Then, since r > 1, 

dt 



Jo k=0 

2 n ~l 







eft 
1 - t 



< E< c / (i-*)^ w) w T 

fc=o 1 
Z" 1 , \ 2-a . , dt 

= c / (i-t)— Mt) 



dt 



t 



l-t 



and the claim follows by monotone convergence. 



□ 



Proof of Proposition A.Jj., (a) Our assumptions imply for all 1 < q < oo that 



(i -ty-^d 1 ^) 



i 9 ([0,l),^ 



and 



(l -t)Vrf 2 (t) 

(b) Next we observe that 

(l-t)-U°(t) 



< a 



< a 



(l-t)-U°(t) 



(l-t)—2d°(t) 



< a 



(l-t)' / [d 1 (s)Yds 



(i-ty 



i-t 



[d 1 (s)} 2 ds 



i«([o.i),^) 



(l-t)^(t) 



i»([0,l),^ 



where we used [T3"| Formula (14)] (the condition that x/i in [13] is continuous 
in the case 1 < q < 2 is not necessary). 
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(c) To prove the remaining inequality we continue from (b) with Lemma [A. 5 1 
to 



< 



< A 



(i -t)^V(t) 

1-t) 



t 



A + ayJ d 2 [u)du 



£,([o,i),^) 

(1 _ t)l-f 



i 9 ([0,l),^) 



□ 
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